Abstract. We prove that if W and W ′ are two B-pairs whose tensor product is crystalline (or semi-stable or de Rham or Hodge-Tate), then there exists a character µ such that W (µ −1 ) and W ′ (µ) are crystalline (or semi-stable or de Rham or Hodge-Tate). We also prove that if W is a B-pair and F is a Schur functor (for example Sym n (−) or Λ n (−)) such that F (W ) is crystalline (or semi-stable or de Rham or Hodge-Tate) and if the rank of W is sufficiently large, then there is a character µ such that W (µ −1 ) is crystalline (or semi-stable or de Rham or Hodge-Tate). In particular, these results apply to p-adic representations.
Introduction
Let K and E be two finite extensions of Q p and let G K = Gal(Q p /K). Fontaine has defined the notions of crystalline, semi-stable and de Rham E-linear representations of G K and proved that the corresponding categories are stable under the usual operations (sub-quotient, direct sum and tensor product). The goal of this note is to answer the following question: if V and V ′ are two p-adic representations whose tensor product is It is known that every de Rham B ⊗E |K -pair is potentially semi-stable, due to the results of [And02] , [Ber02] , [Ked00] , and [Meb02] . The properties of (ϕ, N, Gal(L/K))-modules allow us to understand the situation when W and W ′ are both potentially semi-stable. In particular, the above two theorems may be used to deduce analogous results for p-adic representations (see corollaries 2.3.3 and 3.2.2).
The same methods used to prove theorems 2.3.2 and 3.2.1 above may be used to understand the situation when the image of a B-pair by a Schur functor is crystalline (or semi-stable or de Rham or Hodge-Tate). An integer partition u = (u 1 , . . . , u r ) ∈ N r >0
with u 1 ≥ . . . ≥ u r of an integer n gives rise to the Schur functor Schur u (−), which sends B ⊗E |K -pairs to B ⊗E |K -pairs. If u 1 = u 2 = . . . = u r , then we put r(u) = r + 1, and we put r(u) = r when this is not the case. 
is crystalline, then so is W (µ −1 ).
In particular, when u = (n), then r(u) = 2 and the associated Schur functor is Sym n (−) and when u = (1, . . . , 1), then r(u) = n + 1 and the associated Schur functor is Λ n (−). In the discussion following corollary 2. cris . In this note, E/Q p and K/Q p denote finite extensions. If B is any of the above rings, then B E will denote the ring B ⊗ Qp E endowed with an action of 
The properties of B ⊗E |K -pairs are developed in [Ber08] , [BerChe10] , and [Nak09].
1.3. Representations with coefficients in an extension. Let F/Q p be a finite ex-
(where h runs over the embeddings of F into Q p ) is an isomorphism of rings which commutes with the action of ). 1.4. Schur functors applied to B-pairs. Let n ≥ 1 be an integer and let n = u 1 + . . . + u r be an integer partition such that u i ≥ u i+1 ≥ 1 for all i ∈ {1, . . . , r − 1}, which we denote by u = (u 1 , . . . , u r ). We represent u by its Young diagram Y u , which is a diagram of n-many boxes arranged into left-justified rows such that the i-th row from the top contains u i -many boxes. We let v j denote the length of the j-th column from the left. is Λ n (M). The fundamental properties of tableaux and Schur modules are developed in [Ful97] .
2. Hodge-Tate tensor products and Schur B-pairs 2.1. Sen's theory of C p -representations. In this paragraph, we suppose that
, which is free of rank d = rank C p,E (W ) and is endowed with an K ∞ -semi-linear E-linear action of Γ K , together with a (K ∞ ⊗ Qp E)-linear operator Θ W which gives the action of Lie(Γ K ) on D sen (W ). The action of Γ K commutes with Θ W , and therefore the characteristic polynomial P W has coefficients in
is an embedding, we may associate to W the set of its h-weights Wt Proposition 2.1.1. Let W and W ′ be two
In particular, the h-weights of an E-linear representation V are the same as those of F ⊗ E V . Lemma 2.1.3. Let ω 1 , . . . , ω r be elements of E and let h 1 , . . . , h r be the embeddings of K into E. There exists a finite extension F/E and a character µ :
, and some integer n ≥ 0. Consider the
There is a topological factorisation of the 
composed with χ K is a character whose h-weight is p −n ω ′ = ω when h = id and 0 otherwise. We denote this character by χ K ω .
Given ω 1 , . . . , ω r ∈ E, the product of characters h Consider the sequence of G K -stable lattices :
and let X k denote the lattice
we therefore have exact sequences of C p -representations :
which, taken together with (i) and (iii) of proposition 2.1.1, and since x → tx induces an isomorphism of (X k+1 /X k )(1) onto tX k+1 /tX k , implies that Wt( 
, let e 1 = 1 ⊗ 1, and let (e 1 , e 2 , . . . , e f ) be a K-basis denote the h-weights of W ′ as in paragraph 2.1. Part (iii) of proposition 2.1.1 implies that if h : K → E is an embedding, then the h-weights of W ⊗ W ′ are the elements a i,h + a ′ j,h for 1 ≤ i ≤ r and 1 ≤ j ≤ r ′ , which are integers since the C p,E -representation Corollary 2.3.3. Let E/Q p and K/Q p be finite extensions, and let V and V ′ be two
then there is a finite extension
F/E and a character µ : such that d+1 ≥ r(λ). This can be seen by using the fact that c u λ,µ is equal to the number of pairs of tableaux T of shape λ and U of shape µ such that the product tableau T · U is equal to the standard tableau T 1 on the Young diagram of u.
The basis (e T , e 2 , . . . , e f ) of elements such that for all i = 2, . . . , f , g(e i ) = e i for all g ∈ G K . If
for all g ∈ G K , which is impossible. Therefore, W and W ′ must be de Rham.
One can prove the claim for C p -representations by using Fontaine's theorem [Fon04, 2.14] and applying the same arguments. Since d = rank(W ) ≥ r(u), considering the tableaux T 1 , . . . , T d in paragraph 1.4 allows us to conclude that a i,h − a 1,h ∈ Z for all 1 ≤ i ≤ d. By lemma 2.1.3, there is a finite Galois extension F/E and a character µ : G K → F × such that the B ⊗F |K -pair W (F (µ)) has a 1,h has its h-weight for each embedding h : K → E ⊂ F .
We now show that the B ⊗F |K -pair W (µ −1 ) is Hodge-Tate. It suffices to show that the restriction of W (µ −1 ) to G F are Hodge-Tate. Let W (µ −1 ) = h:F →F W (µ −1 ) h be the decomposition as a C p -representation of G F as described in paragraph 1.3. The C prepresentation W (µ −1 ) h has Sen weights in Z for each embedding h : F → F . By lemma 
) dR,h be the decomposition as a B dR -representation of G F as described in paragraph 1.3. The B dR -representation W (µ −1 ) dR,h has de Rham weights in Z for each embedding h : F → F . By lemma 1.4.1, the Schur
Rham B dR -representation of G F for each embedding h : F → F and therefore
Corollary 2.4.3. Let n ≥ 1 be an integer, let u be a partition of n, and let V be an
then there is a finite extension F/E and a character µ :
We now show that the bound on rank(W ) in theorem 2.4.2 is optimal. If W is a B ⊗E |K -pair such that rank(W ) < r(u) then Schur u (W ) is of rank 1 if u 1 = . . . = u r and Schur u (W ) = 0 otherwise. In the former case, rank(W ) = r and Schur u (W ) = r i=1 det(W ). Let V denote a 2-dimensional Q p -vector space endowed with an action of G Qp such that g ∈ G Qp acts on a basis E = (e 1 , e 2 ) by the matrix 1 log p (χ(g)) 0 1 so that V is not Hodge-Tate since 
We now show that there is a finite extension F/E such that the character η :
The B ⊗F |K -pairs W (µ −1 ) and W ′ (µ) are semi-stable, by proposition 3.1.1. If, moreover,
is crystalline as well and by the isomorphism of F − (ϕ, N, Gal(L/K))-modules recalled above, we have :
The monodromy operator N ⊗ Id + Id ⊗N ′ is zero, and therefore the matrices of N and N ′ are scalar multiples of the identity. Since N and N ′ are nilpotent, these scalars are necessarily zero since L 0 ⊗ Qp F is reduced, and thus W (µ −1 ) and W ′ (µ) are crystalline by 3.1.1.
Corollary 3.2.2. Let V and V ′ be potentially semi-stable E-linear representations of
there is a finite extension F/E and a character
If, moreover, V ⊗ E V ′ is crystalline, then so are V (µ −1 ) and V ′ (µ).
3.3. Semi-stable Schur representations. In this paragraph, n ≥ 1 is an integer and u = (u 1 , . . . , u r ) denotes an integer partition n = u 1 + . . . + u r such that u i ≥ u i+1 ≥ 1.
Lemma 3.3.1. Let L/K be a finite Galois extension and let
Proof. By extending scalars if necessary, we may suppose that E ⊃ L. We have an isomorphism of rings,
and by assumption I L/K acts trivially Proof. Let L/K be a finite Galois extension such that W is semi-stable as a B 
